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TRANSPORT SOLUTIONS TO THE ONE-DIMENSIONAL 
CRITICAL PROBLEM* 

by 

George J. Mitsis 

ABSTRACT 

The newmethod of Case(l / for treating the one-velocity 
t ranspor t equation is applied to a uniform, one-dimensional 
multiplying medium. The method leads to exact expressions 
for the neutron distribution and crit icali ty conditions. These 
expressions depend on expansion coefficients which are shown 
to satisfy a Fredholm integral equation. The resul ts of diffu
sion theory with the exact Milne problem extrapolation distance 
a re shown to correspond to the zeroth-order approximation of 
the Neumann ser ies solution to the Fredholm equation. 

I. INTRODUCTION 

Although the neutron transport equation has been extensively treated 
both analytically and numerically, exact solutions a re available only for 
highly idealized cases . Moreover, the various computational techniques in 
common use a re based on approximations of the exact equations or exact 
boundary conditions rather than its solutions. 

A fresh approach to the problem was recently introduced by 
K. M. Case.(^^ This new approach is based on the fact that, at least under 
certain res t r ic t ions , the t ransport equation is separable. Thus the famil
iar procedure of expanding the neutron distribution in the set of normal 
modes generated by the separation of variables and finding the expansion 
coefficients from the boundary conditions can be used. 

The unique feature of this method is found in the singular nature 
of the expansion modes. The correc t interpretations of such singularities 
were first given by Van Kampen(2) ^^ his work on plasma oscillations. 

*A brief summary of the resul ts of this paper as well as the resul ts 
obtained independently by Dr. R. Zelazny at the institute of Nuclear 
Research. Poland, were reported by Case.^ ' 



Van Kampen notes that it is permissible to use the principal value of inte
grals involving such eigenfunctions provided the contribution of the singular 
point is not neglected. These contributions can be accounted for through 
the addition of a rb i t ra ry multiples of the Dirac 6-function. The resulting 
expansion modes will therefore be highly singular, but integrable. Their 
singular form is of no concern since the final resul ts a re always expressed 
in te rms of integrals. Fur thermore , Case has shown that the appropriate 
singular modes for the one-speed t ransport equation form a complete set. 
Consequently, the neutron distribution is completely represented by an 
expansion in te rms of these functions. 

The purpose of this paper is to apply this method to the solution 
of the t ransport equation in a one-dimensional, uniform, multiplying 
medium. The treatment will be further res t r ic ted to a single energy and 
isotropic scattering. Under these assumptions, the angular neutron 
density f depends on the single position variable x and direction variable 
Q^ = 11, and satifies the equation 

,M£: i i ) ,2^^( ,_^) . i£ i^ r^(,.^,)v . (1) 
ox '^ •^t J_ 

where the S's denote the macroscopic cross sections. 

Introducing distance in mean free paths. 

X ' = E . X , 

the mean number of secondaries per collision 

C = (Sg + V2J)/E^ 

and dropping primes gives 

M l ^ + f̂- = f / ^ ( X . M ' ) dM' • (2) 

The general solution of Eq. (2) will be found by expanding ^ (x.̂ u) in 
the appropriate set of singular eigenfunctions. The resul ts will be in the 
form of expressions for ^(x./i). the neutron density 

p(x) = / V(x'/^) d/i , (3) 



The neutron current 

I 
j(x) = / 11 f (x,|u) dji , (3a) 

and the cr i t ical condition for the system. All these expressions will be 
exact in the sense that they will depend on the expansion coefficients, 
which obey a Fredholm integral equation of the second kind. Successive 
approximations of the integral equation can be readily obtained and lead 
to recognizable forms of the respective expressions. In particular, the 
zeroth approximation of the coefficients will be shown to correspond to 
the resul ts of diffusion theory. 

II. EIGENFUNCTIONS OF THE TRANSPORT EQUATION 

Inasmuch as the development of the eigenfunctions of Eq. (2) has 
been discussed in detail by Case,(l) it is sufficient to summarize the 
pertinent resul ts here. 

Separation of the variables x and /i shows that the solutions of 
Eq. (2) have the form 

f(^,,i) = e-^/""*^ (11) . (4) 

where 0y (fi) satisfies the equation 

[1 - (MA)]*7 . (M) = 7 / 0v(M')d,x' . (5) 
2 

If we use the normalization 

-1 

f *v (M) d/i = 1 

Eq. (5) reduces to 

( v - ll) 4>y{ll) =[Y)V 

(6) 

(7) 

Since V is not res t r ic ted, it can take values in the interval [ - l . l ] where /i 
is defined, thus introducing singularities at the points fi = v. The general 
solution of (7) must be written as 

0;.(/i) = f P - ^ + M v ) 6 ( / i - v) , (8) 



where P denotes principal values of integrals involving 0^ (jl) and the 
second term contributes only at the singular points /i = V. Fur the rmore , 
Eq. (8) is a solution of (7) for any X(v). 

For values of V not in the interval [ - l . l ] . Eq. (8) reduces to 

, , ( / i ) = | ^ ' - / [ I ' - l l • 

and the normalization condition (6) determines the values of v: 

V 

There are two roots of Eq. (9) which are purely imaginary for 
c > 1. These roots will be denoted by ±vo and the corresponding eigen
functions by 

(9) 

10) 
2 VQ + / i 

For V in the interval [-1,1], the normalization serves only to 
determine the form of X(v). leaving v unrestr icted. Thus, 

X(v) = 1 - cv tanh" V . ( l l ) 

The eigenfunctions of Eq. (2) can now be separated into two classes: 

a) For v / [ - l . l ] there are two discrete eigenfunctions: 

^o±(x,/i) = 0o±(/i)e+^/''<' , (12a) 

with Vo and 0o-(-(/i) defined by equations (9) and (lO), respectively. 

b) For V e [-1,1], there is a continuum of solutions: 

fyix.ii) = 0y{ii) e'"^'^ , (12b) 

where 0^ {ji) is given by Eq. (8). 

Finally, the general solution of Eq. (2) can be written as 

^(x,^) = 3.0+fo+U.li) +ao-^o-(x,M) + / ^(^) ^V(X.M) dv 

where ao+ and A(v) are a rb i t r a ry expansion coefficients. 

(13) 



III. APPLICATION TO THE CRITICAL PROBLEM 

We now apply the above solution to a uniform, multiplying system, 
finite only in the x-direction. The thickness t and half-thickness b (see 

accompanying diagram) are in units of mean free paths 
and the origin of coordinates is at the center. 

The steady-state neutron distribution in the sys 
tem is character ized by^(x . / i ) , which is given by Eq. (13). 
It remains to determine the expansion coefficients from 
the boundary conditions l*-b-<-

and 

^(x./i) = f{-x,-ii) 

f{-h,ll>0) 

(14) 

(15) 

Inserting Eq. (13) in (14) and using the symmetry properties of the 
eigenfunctions. 

^o±(-x.- / i ) = fo^i^.H-) 

fy ( - X , - / i ) = ^ . . j , (x . / i ) 

we find after some rearrangement that 

(ao+ - ao-) ^o+(x./i) + (ao- - ^o+) fo- (x,/i) 

+ r [A(v) - A(-v)] fyi^.ji) dv = 0 (14a) 

Since this is to hold for all | x| s b and all |/i I ^ l.we conclude that 

ao+ = ao- ; A(v) = A(- v) (14b) 

Using the condition at x = -b. we obtain the following equation for 
the coefficients. 

ao+[Vo+(-b.^^) +^o-(-b,/i)] + / A(v)^^(-b.M)dv = 

It should be noted that Eq. (l5a) is equally valid at x = b. 

. /x > 0 

(15a) 



Equa t ion ( l5a ) can be put in a s t a n d a r d f o r m for a n o n h o m o g e n e o u s 
s i n g u l a r i n t e g r a l equa t ion by d e c o m p o s i n g the i n t e g r a l t e r m and us ing the 
fact that both A(v) and X(v) a r e even func t ions : 

r{j)vA'{v) 
A'(/i)x(/i) + P — dv = - a 

w h e r e we have defined 

A ' (v) = A(v )e 

b /vo 

b / v 

V - 11 
0o+(/i) + 0 o - ( / i ) e 

• • ( | ) - ' ( « ) . - / " 
V + /i 

dv . /i > 0 

(16) 

(17) 

The t h e o r y of r e d u c i n g equa t ions of the f o r m of Eq . ( l 6 ) to F r e d h o l m 
equa t ions is g iven by Muskhe l i shv i l i . ' ' ' In e s s e n c e , the p r o c e d u r e c o n s i s t s 
of r e w r i t i n g Eq. (16) a s 

A'(/i)X(^) + P 

with 

^'( / . t ) = 

vA'(v) 
dv = f'(ii) 

0o+(/i) + 0 o - ( / i ) ' V + /i 

(18) 

dv (18a) 

and a s s u m i n g t e m p o r a r i l y tha t the f(li) i s a known funct ion. The unknown 
coeff ic ient A' (v) is then r e l a t e d to the b o u n d a r y v a l u e s of a s e c t i o n a l l y 
h o l o m o r p h i c (analy t ic) function a s it a p p r o a c h e s the cut (O.l) f r o m above 
and below. F ina l ly , such a funct ion is c o n s t r u c t e d f r o m i t s p r o p e r t i e s and 
A ' (v) i s d e t e r m i n e d f rom the b o u n d a r y v a l u e s of the c o n s t r u c t e d function. 
The d i s c r e t e coeff ic ient a (or ao+) r e m a i n s a r b i t r a r y , a s i ndeed it should . 

It is pointed out in Chap te r 14 of Ref. 3 that the p r o c e d u r e of r e d u c 
ing s ingu la r to r e g u l a r i n t e g r a l equa t i ons holds for suf f ic ien t ly w e l l - b e h a v e d 
functions A ' (v) and f'(ll). Spec i f ica l ly , we a s s u m e that both A ' and f s a t i s fy 
the H* condi t ion, i . e . . they sa t i s fy the Holder condi t ion (H condi t ion) : 

A'(/ii) - A'(li,) M /il - /i2 with 0 < a < 1 (19) 



on the open i n t e r v a l 0 < /i < 1. wi th p o s s i b l e s i n g u l a r i t i e s a t the ends 
|3 = 0 or 1, wh ich a r e w e a k e r h o w e v e r , than l/fi; 

A.(^) = ^ ! ( 4 _ ^< i . (19a) 
l / i - Pl^ 

In the above c o n d i t i o n s . M is a p o s i t i v e c o n s t a n t and A*(/i) i s an a r b i t r a r y 
function which obeys the H condi t ion (19) in the c l o s e d i n t e r v a l 0 - / i ^ 1 . 

Fo l lowing Ref. 1 c l o s e l y , we i n t r o d u c e the s e c t i o n a l l y h o l o m o r p h i c 
function 

^'^MvA'(v) 
N(z) = ( - ^ W - ^ d v (20) 

V 27ri I I V - z 
J Q 

having the fol lowing p r o p e r t i e s : 

a) N(z) is h o l o m o r p h i c in the p lane cut f rom 0 to 1. 

^ / \ 1 
b) N(z} a s z —• a> . 

z 
^ ..r/ N cons t ^ , „ 

c) N(z) < . _ |-y 7 < 1 a s z — p . 

The b o u n d a r y v a l u e s of N(z) a s it a p p r o a c h e s the l ine of d i s con t inu i ty (O, l) 
a r e g iven by the P l e m e l j fo rmula (3 ) ; 

r(-)vA'(v) 

N /̂i) = 4 | / . A . ( , ) . ( ^ ) p ] H^^T-dv . 

f r o m which it fol lows tha t 

n 7 vA'(v) 
N+ + N" = • - P — d v (20a) 

7Ti y V - 11 
^ 0 

and 

N+ - N - = f llA'(ii) . (20b) 
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Subs t i tu t ion of Eq . (20a) and (20b) into (18) g ive s 

^lif'(ll) 
G(/i) N+(/i) - N"(/i) 

M.)-(SF) 
2 1 

vhere we have defined 

X{ii) + 

X(/i) -

C7Tl/i 

2 
CTTl/i 

G(^) = - ^ ^ • (21a) 

The r e d u c t i o n of Eq. ( l8 ) is now equ iva l en t to the fol lowing b o u n d a r y 
va lue p r o b l e m : to find a s e c t i o n a l l y h o l o m o r p h i c function N(z) having the 
a f o r e m e n t i o n e d p r o p e r t i e s on the c o m p l e x p lane and sub j ec t to Eq . (2 l ) on 
the bounda ry . This p r o b l e m is r e f e r r e d to a s the n o n h o m o g e n e o u s H i l b e r t 
p r o b l e m and is d i s c u s s e d e x t e n s i v e l y in Ref. 3. I ts so lu t ion invo lves the 
c o n s t r u c t i o n of a p a r t i c u l a r so lu t ion to the h o m o g e n e o u s H i l b e r t p r o b l e m 
which r e s u l t s by equat ing the r i g h t s ide of (2 l ) to z e r o . Le t [ X ( z ) ] " ' be that 
p a r t i c u l a r so lu t ion . By def ini t ion, it s a t i s f i e s the p r o p e r t i e s of N(z) in the 
complex p l a n e . ' a n d i t s bounda ry v a l u e s a r e sub jec t to the h o m o g e n e o u s p a r t 
of Eq. (21): 

X+(/i) = G(/i) X"(/i) . (22) 

The expl ic i t f o r m of X(z) can now be found by tak ing l o g a r i t h m s of 
Eq. (22). us ing the P l e m e l j f o r m u l a , and r e q u i r i n g tha t the r e s u l t i n g e x 
p r e s s i o n has the c o r r e c t behav io r a t the e n d s . F r o m T a b l e I of Ref. 1. 
the a p p r o p r i a t e X(z) is 

X(z) = - ^ e^*^ ' . (23) 
1 - z 

w h e r e 

r(z) = (-i.) r ^ i ^ 
\ ZTTI / / /Li - z 

d/i . (23a) 

In se r t i ng G(/i) f rom Eq. (22) in Eq. ( 2 l ) . we ob ta in 

X"̂  N+ - X" N" = 7(^) f'(ii) , (24) 

whe re 

(7)MX-(/i) 
7(/i) = - ^ ^ ^ ^ 7 7 7 7 7 (24a) 

M.)-(^) 
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The solution of the nonhomogeneous Hilbert problem now follows 
immediately from (24) and the use of Plemelj ' s formula: 

N(z)= \ , CiMrM^,,^ • (25) 
^ ' 2 7TiX(z) / /i - z ^ X(z) 

Jo 

where P\Az) is an a rb i t r a ry polynomial of degree k. Since X(z) ~ l /z at 
infinity, it follows from Eq. (25) that N(z) will have this behavior only if 
Pj^(z) =0 and 

7(/i) f'(ii) d/i = 0 . (26) r 
To complete the reduction of Eq. (18). it is now only necessary to 

find N'(il) from Eq. (25) and use Eq. (20b). The resul t is 

,1 

A.(/i) - X(.) g(c. .) n,) - _ ^ r \ c W - / ^ ^ ? ^ '^ 
X (/i)[X(/i) + -y-^ I Jo 

(27) 

where 

(27a) 
g ( C . M ) = / 2 2 Z \ 

The proposed integral equation for the coefficients now follows by 
inserting Eq. (18a) for f(ll). The final form of this equation, as well as 
many subsequent resul ts is . however, considerably simplified by two iden
tities for the function X(z). These identities were first proved by Case.i4; 
The proofs are sketched in Appendix A. 

- *'̂ i'̂ ^ 
1 - c z tanh" ' z 

2. X(z)X(-z) = -(^2 . ^2) (1 . g) 

The discrete t e rms of Eq. (I8a) give r ise to integrals of the form 

rl 

0o4v) 7(^) dv _ c -y(v) dv ^ 
V - 11 2 ° J ivo + v) (v - ll) 
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D e c o m p o s i n g t h e d e n o m i n a t o r b y p a r t i a l f r a c t i o n s a n d u s i n g t h e f i r s t 

i d e n t i t y , w e f i n d 

_ 0 o ± ( v ) 7 ( v ) d v c _ 4 _ ^ ( ) _ ^ ( , ^ ^ ) 

V - 11 2 VQ +11 

S i m i l a r l y , t h e i n t e g r a l t e r m of E q . ( I 8 a ) g i v e s 

/ 7 ( v ) d v / 

/ ^ "M 7 
0 -^0 

A ' ( a ) e " ^ / ° ^ 

a + V 

-t/a r' 
d a = / -

•'o 

y a A ' ( a ) e - t A 
^ [X(^ ) -X( -a ) ] da 

a + /i 

F ina l ly , f rom the second ident i ty , we s ee tha t 

1 

X"(M) X(/i) + 
C7Ti/i 

(c.li){vl - M ' ) ( 1 - c ) X ( - / i ) 

S u b s t i t u t i o n i n E q . (27) a n d c a n c e l l a t i o n of c o m m o n t e r m s g i v e s 

- t / v o " 
A ' ( / i ) 0o+(/i) X(vo) + 0 o - ( / i ) X(-Vo) e 

X (vi - / i ' ) ( l - c ) X ( - / i ) g ( c . / i ) 

(vo - 11^) (1 - c ) g ( c . / i ) 

- v X ( - v ) A ' ( v ) t / v 

V + /I d v . ( 2 8 ) 

B y a s i m i l a r p r o c e d u r e , t h e a u x i l i a r y c o n d i t i o n ( 2 6 ) c a n a l s o b e p u t in 

a m o r e e x p l i c i t f o r m : 

^ [ X ( v o ) - e " t A o x ( - x . o ) ] = f ' ^ v X ( - v ) A ' ( v ) 
- t / v 

d v (29) 

Equa t ion (29) s t a t e s that a so lu t ion of the t r a n s p o r t equa t ion wi th the g iven 
b o u n d a r y condi t ions e x i s t s only if t h e r e i s a def in i te r e l a t i o n b e t w e e n m a t e 
r i a l c o n c e n t r a t i o n s (given by c or Vo) and the s i z e g iven by t. T h i s , 
t h e r e f o r e , c o r r e s p o n d s to an exac t s t a t e m e n t of the c r i t i c a l i t y condi t ion . 

To s u m m a r i z e , we have shown that the a n g u l a r n e u t r o n d e n s i t y in 
a o n e - d i m e n s i o n a l mu l t i p ly ing m e d i u m can be e x a c t l y r e p r e s e n t e d by 

^ (x . f j ) = 3.0+[fo+i^.ll) + fo-{x,li)] + I A(v)f yix.ii) dv (30) 
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where ao+ is an a rb i t r a ry constant and A(v) obeys the Fredholm integral 
equation (28). The cri t ical i ty condition is given by Eq. (29). 

F rom Eq. (3) and the normalization condition the neutron density 
becomes 

p(x) = ao+ [e"^ /^" + eV^o] + T ' A(v) e - ^ A dv . (3l) 

This expression can be put in a more recognizable form by recalling 
that Vo is purely imaginary and A(v) is an even function: 

p(x) = 2ao+ cos (x/ |vo |)+ 2 f A(v) cosh(x /v )dv , (32) 

where Vo = i|vol- The first t e rm of (32) is immediately identified with the 
asymptotic solution from diffusion theory. Also, p (x) possesses the ex
pected symmetry about the origin. 

A similar procedure gives the following expression for the neutron 
current: 

j(x) = 2ao+(c - 1) |Vo| sin(x/|vol) + 2(c - l) j ^ A(v) v sinh(x/v) dv 

(33) 

As expected, j vanishes at the origin. A further check is obtained by 
differentiating Eq. (33) with respect to x. This yields the continuity 
equation 

i M + ( l - c ) p ( x ) = 0 . (34) 
dx 

which could also be obtained by integrating the original equation. 

IV. APPROXIMATE SOLUTIONS 

It is clear from the resul ts of the previous section that an explicit 
solution of Eq. (2) is not possible. The major advantage of this approach 
is that it affords a systematic approximation method by which the desired 
resul t s can be computed to any accuracy. Moreover, a number of very 
interesting resul t s emerge from the approximations. 

The approximation procedure which will be used in this '̂̂ 'jt̂ .O'̂  
involves keeping successive t e rms of the Neumann ser ies solution^ > of 
Eq. (28). It is shown in Appendix B that such a ser ies converges very 
rapidly for values of 1 £ c < 2, which are those of pract ical interest . 
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We s t a r t by wr i t i ng Eq. (28) a s 

A'(v) = Al (v )+X / K(v,a) A ' ( a ) d a , (35) 

w h e r e Ai(v) deno tes the f ree t e r m of (28). 

X = | ( l - c ) (35a) 

and 

K(v.a) = . ( ^ 0 - v ' ) X ( - v ) g ( c , v ) X ( - a ) a e - ^ A ^^^^^ 

V + a 

i s the k e r n e l . The Neumann s e r i e s of Eq. (35) has the f o r m 

A'{v) = A\{V) + X0i(v) + X'0i(v) + • • • . (36) 

w h e r e 

0n(v) = / Kj^(i/,a) A ; ( a ) da (36a) 
Jo 

and 

Kj^d^.a) = / K(v,/3) Kj, ,(/3.a) d p . (36b) 
Jo 

F o r the z e r o t h a p p r o x i m a t i o n , w e t ake A ' (v) = 0. S ince th i s i s 
s t r i c t l y t r u e for c = 1 (Appendix B ) , the r e s u l t s would be e x p e c t e d to hold 
for l a r g e s y s t e m s . 

The c r i t i c a l i t y condi t ion in th is c a s e b e c o m e s 

X(vo) - t / v o . , , 
1 ^ ( ^ - ^ = ° • (37) 

The r a t i o X(-Vo)/x(vo) i s s i m p l y r e l a t e d to the Mi lne p r o b l e m e x t r a 
pola t ion d i s t a n c e zo(c) (Appendix A): 

X(-Vo) _ -2Zo/vo , , 

I^KT ' "^ • (^«) 

Combining E q s . (37) and (38), we ge t 

^ a V ^ o ^ ^ - t ^ V o ^ Q 

or 

cos ( to /2 ivo | + zc/ |vo | ) = 0 , (39) 
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from which emerges the familiar resul t 

to = TT|VO| - 2 ZO 

where to is the thickness in mean free paths for A'(/i) = 0. 

(40) 

This approximation also provides the means of testing the validity 
of the commonly used boundary condition of no re -en t ran t current . If we 
let A(v) = 0 in Eq. (13), and replace the exact boundary condition at the 
surface by 

J^("b) = llf(-h,li) d/x = 0 

ve obtain, instead of (40). 

t i = TTIVOI - 2 z i 

where 

I Vol tan" ' • 
civol I n y i + l/|vo|2 

For (c - l ) <<1 . Eq. (41b) reduces to 

(41) 

(41a) 

(41b) 

xl/2 

/ 3 U ^ 

1 + | ( 1 - c ) + (41c) 

Equation (41c) is identical with the extrapolation distance in the Pj approxi
mation.(^J Thus, the replacement of the exact boundary condition by Eq. (4l) 
consists of replacing the exact Milne problem extrapolation distance by zo 
of Eq. (41b). 

The neutron distribution in this approximation is described by the 
following express ions: 

a) The angular density 

^o(x,/i) = ao+ 

ao+ c|vol 

, , -x/vo . ^ I \ x/^'o 
0o+(|Li) e ' ° + 0o-(/i) e 

\VoV^^ 
|Vo] cos(x/ |vo|) + /isin (x/|Vo|) (42) 



This e x p r e s s i o n c l e a r l y p o s s e s s e s the r e q u i r e d s y m m e t r y in x and / i . 

b) The n e u t r o n dens i t y 

Po(x) = 2ao+ c o s ( x / | V o | ) . (43) 

c) T h e n e u t r o n c u r r e n t 

jo(x) = 2 a o + | V o | (c - 1) s i n ( x / | v o | ) . ( 4 4 ) 

A c o m p a r i s o n of E q s . (43) a n d (44) g i v e s 

dPo(x) ( 4 4 a ) 

( 4 4 b ) 

jo(x) 

w h e r e 
d x 

D = |Vo|^ (c - 1) 

T h i s d e f i n i t i o n f o r t h e d i f f u s i o n c o e f f i c i e n t D d e g e n e r a t e s t o t h e f a m i l i a r 

r e s u l t of D = — i n u n i t s of m e a n f r e e p a t h f o r c c l o s e t o u n i t y . M o r e o v e r , 

c o m b i n i n g E q s . ( 4 4 a ) a n d (44b) w i t h t h e c o n t i n u i t y e q u a t i o n ( 3 4 ) . w e o b t a i n 

t h e s t a n d a r d d i f f u s i o n e q u a t i o n 

d^Po(x) , _ 1 
2 Po (x) = 0 

d x ' |Vo| 

vhere l / | v o | p lays the ro l e of the "buck l ing . 

(44c) 

Eq. (36): 
Fo r the f i r s t a p p r o x i m a t i o n we le t A ' (v) equa l the f i r s t t e r m of 

A'(v) = A K V ) = ^ ^ ( C - l ) X ( - v ) g ( c . v ) 

Vo (x(vo) + X(-Vo) e-'^^'oyv^Xivo) - X{-vo) e''^""") 

(45)-

I n s e r t i n g th is in the c r i t i c a l i t y s t a t e m e n t , we find 

- t / v o 
X(vo) - X(-vo) e (1 - Vo X(vo) + X(-Vo) e " ' / ^ " 

- t / v c 

X(vo) -X( -Vo) e • t /vo 

w h e r e 

vX'i-v) g(c,v) e'^'^ dv 

(46) 

(46a) 
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and 

v ^ X ^ - v ) g ( c . v ) - t / v 
dv (46b) 

A r e a r r a n g e m e n t of Eq . (46) g ive s 

^ ( - ° ) - ^ ( - ° ^ - " t ° = v o a ( c . t ) 
X(Vo) + X(-Vo) e " V ^ o 

w h e r e the funct ion a ( c , t ) i s def ined by 

(46c) 

7 ( 0 - l ) l i 
a = -.—r 

l - ( - f - ) ( c - l ) l 2 

With the a id of Eq . (38), we f inal ly a r r i v e at the c r i t i c a l i t y condi t ion 
c o r r e c t e d to f i r s t o r d e r : 

(46d) 

2 I Vol 
t i + 2zo - TT |Vo| -| vo| a (47) 

F u r t h e r i n s igh t i s ga ined by e x a m i n i n g th i s r e s u l t for s m a l l v a l u e s 

of aj Vol. Then, 

t i - 7T| Vol - 2zo - 2a(c , t ) |vo|^ 

~ to - 2! i 'o l^a(c . t ) (48) 

w h e r e to i s the z e r o t h - o r d e r t h i c k n e s s . S ince a ( c , t ) i s p o s i t i v e , it fol lows 
f r o m Eq . (48) tha t the t r a n s p o r t c o r r e c t i o n i n t r o d u c e d by the f i r s t - o r d e r 
a p p r o x i m a t i o n h a s the effect of d e c r e a s i n g the c r i t i c a l t h i c k n e s s . F o r the 
c a s e s w h e r e the a r g u m e n t tj - to i s not s m a l l , the t r a n s c e n d e n t a l equa t ion (47) 
can of c o u r s e be so lved g r a p h i c a l l y . 

B e f o r e p r e s e n t i n g the e x p r e s s i o n s for ^ , p (x ) . and j(x) in th i s 
a p p r o x i m a t i o n , it is conven i en t to s imp l i fy the f o r m of A\{II) by^judic ia l 
g r o u p i n g of c o n s t a n t s . F i r s t , we note tha t the quan t i 
can be e x p r e s s e d in t e r m s of a ( c , t ) with the a id of (46c) 

X(vo) t /vo _ 1 + g Vo 
X(-Vo) 1 - a Vo 

ty X(Vo)etAo/k(-Vo) 

f r o m wh ich it fol lows tha t 

- b / v o 
X( -T^ ) e X(vo) X(-Vo) 

1 - a Vc Tl/2 

1 + a Vo. 



R e c a l l i n g the def in i t ions of a and A'(/i) f r o m Eq. (17), we ob ta in 

-b// i _ (49) 
Ai(/i) = ao+ B( l + ail) X{-ii) g(c,/i) e 

w h e r e 

B = cvj (c - 1) 
X(vo) X(-Vo) 

1 - a^ Vo 

1/2 
(49a) 

The n e u t r o n d i s t r i b u t i o n is now given by the fol lowing e x p r e s s i o n s : 

a) Angu la r dens i ty 

fiU.li) = foU.ii) - q(x. / i ) 

w h e r e fo{x.ii) is g iven by Eq. (42) and 

q(x./i) = - A , ( M ) X(II) e+V/ i - P j A i ( v ) V 
x A px/v 

_ V - 11 V + 11 _ 

(50) 

d v 

(50a) 

is a pos i t ive quant i ty r e p r e s e n t i n g a f i r s t - o r d e r t r a n s p o r t c o r r e c t i o n . 
The upper and lower s igns in (50a) r e f e r to pos i t i ve and n e g a t i v e v a l u e s 
of fi. r e s p e c t i v e l y . 

b) N e u t r o n dens i ty 

pi(x) = po(x) - h(x) (51) 

^A'here 

-b /v 
h(x) = - 2 a o + B I X(-v) g(c.v) (1 + av) e ^'" c o s h ( x / v ) d v (51a) 

•^0 

is a pos i t ive c o r r e c t i o n to the a s y m p t o t i c dens i ty , 

c) Neu t ron c u r r e n t 

- b / v 
ji(x) = jo(x) - 2ao+ (1 - c) B / v X ( - v ) g ( c . v ) ( l + a v ) e""^ ' ' s i n h ( x / v ) d v 

J 0 
(52) 

w h e r e the c o r r e c t i o n t e r m is aga in p o s i t i v e . 

A p p r o x i m a t i o n s of h igher o r d e r b e c o m e too unwie ldy for hand c o m p u 
ta t ions and do not s e e m to add fu r the r a n a l y t i c a l i n s i g h t to the n e u t r o n d i s t r i 
but ion or c r i t i c a l i t y condi t ion. In addi t ion , it is shown in Append ix B tha t the 
con t r ibu t ion of such t e r m s is neg l ig ib l e excep t for s y s t e m s wi th d i m e n s i o n s 
l e s s than one m e a n free path. 
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The m a g n i t u d e of the f i r s t - o r d e r c o r r e c t i o n t e r m s was computed , 
f i r s t , in o r d e r to e x a m i n e t he i r c o n t r i b u t i o n and. secondly , to d e m o n s t r a t e 
the a p p l i c a b i l i t y of the a p p r o x i m a t i o n p r o c e d u r e . Ca l cu l a t i ons for the 
n e u t r o n d i s t r i b u t i o n w e r e m a d e by m e a n s of the n o r m a l i z a t i o n 

Po(o) 2 a 0+ 1 (53) 

The v a r i o u s i n t e g r a l s w e r e e v a l u a t e d wi th a f ou r -po in t G a u s s i a n q u a d r a 
t u r e f o r m u l a ^ ^ ' which c o r r e s p o n d e d to an a p p r o x i m a t i o n of the i n t e g r a n d s 
by a s e v e n t h - o r d e r p o l y n o m i a l . The n u m e r i c a l r e s u l t s for X(-v) . the 
c r i t i c a l t h i c k n e s s . p(x) and ^(x./i) for v a r i o u s va lue s of c wil l be given in 
o r d e r . 

C o m p u t a t i o n s of the function X(-v) a r e f ac i l i t a t ed by two add i t iona l 
i d e n t i t i e s . T h e s e i d e n t i t i e s a r e a l s o due to C a s e and a r e p r o v e d in 
Appendix A. 

3. X(-v) = exp 

c 1 

(c,/i)l 1 +Y-f-rj in (M+ ^)d/i 

lid 11 
4 . / X(-v) = - p - ^ / ^̂ ^ _ ^z) x(^) (̂  . ^) V > 0 

F r o m the s econd ident i ty given p r e v i o u s l y on page 11 it follows tha t 

X(0) = 
v'o (1 - c ) 

a n d 

X(vo) X(-Vo) = Y 
X^(0) - 1 

1 - Vo 

(54) 

(55; 

The t h i r d ident i ty , g iven above , was used for n u m e r i c a l i n t e g r a t i o n s . The 
r e s u l t s for five v a l u e s of c a r e shown in F ig . 1. A c o m p a r i s o n of X(0) 
f rom the n u m e r i c a l i n t e g r a t i o n and the exac t va lue given by Eq. (54) shows 
a dev ia t ion of 1 pe r cent for c = 1.01 and 3 p e r cent at c = 2.00. 

An a p p r o x i m a t e e x p r e s s i o n for X(-v) can be ob ta ined by noting tha t 
the quan t i ty g(c,/.i)[l + ( c f / ) / ( l - / i ' ) ] which a p p e a r s in the i n t e g r a n d of the 
t h i r d i den t i t y is s lowly v a r y i n g excep t n e a r /i = 1. Tak ing th i s quant i ty as 
uni ty , the t h i r d iden t i ty r e d u c e s to 

X( -v) - X(0) 
1 + V 

: v / 2 
( v + 1) 

• c / 2 
V > 0 (56) 



20 

04 06 

Fig . 1. The Func t ion X{-v) for 
V a r i o u s Values of c 

As would be expected , the l a r g e s t devia t ion of th i s e x p r e s s i o n f rom the 
va lues of F ig . 1 o c c u r s for v = 1. Fo r c = 1.01, Eq. (56) o v e r e s t i m a t e s 
the va lues f rom Fig . 1 by 18.5 per cent while for c = 2.00 it g ives an 
u n d e r e s t i m a t e of ~21 per cent. Another a p p r o x i m a t e e x p r e s s i o n for 
X{-v) can be obtained f rom the four th ident i ty . F r o m F ig . 1, X(-v) v a r i e s 
roughly as 

x(-v) X(0) 
1 + v 

V > 0 (57) 

Using (57) a s a t r i a l function in the i n t e g r a n d of (4) we find 

X(-v) - X(0) i 1 cvlVol 

2(|Vor + v ) 

1 +V |Vo|^ + V 1 
( l - v ) £ n - — + •in 

Ivo r + 1 

l^oj , 
(58) 
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T h i s e x p r e s s i o n r e p r e s e n t s X(-v) qui te a c c u r a t e l y n e a r v - 0. H o w e v e r for 

V = 1, it b e c o m e s 

X ( - l ) = 
X(0) 

which is the s a m e a s the t r i a l function. 

The c r i t i c a l t h i c k n e s s t was d e t e r m i n e d by f i r s t eva lua t ing a (c , t ) 
and then so lv ing Eq . (47) g r a p h i c a l l y . The r e s u l t s for five v a l u e s of c a r e 
g iven in Tab le I. 

Tab le I 

C R I T I C A L THICKNESS AS C O M P U T E D FROM 
EQS. (40), (47) and (60) 

c 

1.01 
1.10 
1.30 
1.60 
2.00 

t i 

16.69 
4 .24 
1.780 
1.022 
0.621 

ti 

16.69 
4 .24 
1.780 
1.025 
0.625 

to 

16.69 
4.24 
1.783 
1,030 
0.634 

% 
to -

e r r o r - - • 
t 

- 6 x 1 0 " 
~ 4 X 10" 

0.170 
0.775 
2.05 

t i 

u 
4 

X 100 

Since a ( c , t ) i s s m a l l even for c= 2.00, it is p o s s i b l e to e s t i m a t e 
the c o r r e c t i o n t e r m in Eq. (48) wi thout i n t roduc ing an a p p r e c i a b l e e r r o r in 
t j . Not ing tha t I2 « Ii, we can r e w r i t e (46d) a s 

a ( c , t ) - -^(c - 1) Ii (59) 

An e x a m i n a t i o n of the i n t e g r a n d of Ii shows tha t the g r e a t e s t c o n t r i b u t i o n 

to th i s i n t e g r a l c o m e s f r o m the n e i g h b o r h o o d of the upper l i m i t . A l s o , 

n e a r v = I, 

X(-v) 
X(0) .(c, V) . {-^J 

C o n s e q u e n t l y , 

X\0){ 2 
( ^ ) « . ) 

(59a) 

w h e r e En(x) is the e x p o n e n t i a l i n t e g r a l . 
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and f rom Eq. (59) 

(c - 1) X^(0) 
x(c.t) ~ 

2 7T'C 
E3(t) 

Subst i tu t ion of (59b) into (48) and use of (54) g ives 

ti = to -
E3(t l ) 

(59b) 

(60) 

The va lue s of t\ f rom Eq. (60) a r e a l s o g iven in Tab le I for c o m 
p a r i s o n . In a l l c a s e s , t is in uni ts of m e a n f ree p a t h s . The conc lus ion of 
ma jo r i n t e r e s t d e r i v e d f rom t h e s e r e s u l t s is tha t even for the e x t r e m e 
ca se of c = 2.00 the f i r s t - o r d e r t r a n s p o r t c o r r e c t i o n s for t is of the o r d e r 
of only 2 per cent. 

The n u m e r i c a l r e s u l t s for the n e u t r o n d e n s i t y a r e s u m m a r i z e d in 
Table II. A plot of p(x) vs x for t h r e e va lue s of c is given in F i g s . 2 
and 3. In Table 11 we have a l so tabu la ted the r a t i o 

Po(x) 
Pi(x) 

1 + 
h(x) 
Pl(x) 

(61) 

which s e r v e s as a m e a s u r e of the con t r ibu t ion of the f i r s t - o r d e r t r a n s p o r t 
c o r r e c t i o n to the a s y m p t o t i c dens i ty . 

Table n 

NEUTRON DENSITY AS A FUNCTION OF POSITION 

0 
0.25 
0.50 
0.75 
0.85 
0.95 
1.00 

c -- 1.01 

^ 0 

1.000 
0.9345 
0.7485 
0,4722 
0.3342 
0.1985 
0.1Z15 

Pi 

1.000 
0.9335 
0.7485 
0.4718 
0.3332 
0.1916 
0.0969 

^ o ' ^ l 

1.000 
1.000 
1.000 
1.001 
1.003 
1.036 
1.254 

C = 1.10 

^0 

l.OOO 
0.9547 
0,8231 
0.6177 
0,5217 
0,4130 
0.3577 

^1 

0,9978 
0.9517 
0.8170 
0.6018 
0.4972 
0.3689 
0.2844 

Pol Pi 

1.002 
1.003 
1-007 
1.026 
1.049 
1.120 
1-1257 

C^1.30 

^ 0 

1.000 
0.9742 
0,8842 
0.7453 
0.6774 
0,6022 
0,5640 

Pi 

0.9804 
0.9490 
0.8556 
0,7008 
0.6302 
0.5183 
0,4430 

Pol Pi 

1.020 
1.023 
1.032 
1.064 
1.094 
1.1619 
1.271 

C -- 1,60 

Po 

1.000 
0.9783 
0.9143 
0,8104 
0.7596 
0.7015 
0.6712 

^1 

0.9525 
0.9208 
0,8518 
0.7309 
0,6628 
0.5700 
0.5202 

^ o ' ^ l 

1.050 
1.054 
1.073 
1.109 
1.144 
1.230 
1.289 

c^2 .00 

Po 

l.OOO 
0.9837 
0.9352 
0.8562 
0,8166 
0.7729 
0.7495 

^1 

0.9247 
0.9054 
0,8468 
0,7417 
0,6836 
0.6113 
0.5706 

Pol Pi 

!.082 
1.086 
1.104 
1.154 
1,195 
1.264 
1.313 

For c c lose to unity, a p r o c e d u r e s i m i l a r to that l ead ing to Eq . (60) 
Jives for h(x) 

h(x) ^ - ^ ^ [E , (b -x ) + E,(b + x)] (62) 

For c = 1.10, the m a x i m u m di f ference in the v a l u e s of pi(x) f rom Table II 
and from Eq. (62) is about 2.4 per cent . Since the cons t an t B is n e g a t i v e , 
h(x) is pos i t ive and i n c r e a s e s with c and x. The m a x i m u m c o r r e c t i o n to 
Po(x) t h e r e f o r e o c c u r s at the boundary , which, of c o u r s e , was a n t i c i p a t e d . 
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Fig. 2 

Neutron Density as a Function 
of Position 

Fig. 3 

Neutron Density Normalized 
so that po(0) = pi(0) = 1 

— 
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Fina l l y , the a n g u l a r d e n s i t y was c o m p u t e d a s a function of ^ a t the 
o r i g i n and at the b o u n d a r y for t h r e e v a l u e s of c. The r e s u l t s a r e shown in 
F i g s . 4 and 5. Qua l i t a t ive ly , the s h a p e of ^(x.ju) h a s the fol lowing f e a t u r e s . 
At the o r ig in . ip(0,ll) a l w a y s has a m a x i m u m which o c c u r s at /i = 0. At the 
b o u n d a r y , a m a x i m u m a p p e a r s only when c i s g r e a t e r than a c e r t a i n va lue 
and shif ts f rom h igher to l o w e r v a l u e s of /i a s c i n c r e a s e s . Th i s b e h a v i o r 
is exp la ined by the n o n u n i f o r m i t y of the s o u r c e d i s t r i b u t i o n v2fp(x) . As c 
i n c r e a s e s . p(0) - p(b) d e c r e a s e s , so that the s o u r c e is m o r e u n i f o r m and 
the peak va lue m o v e s t o w a r d s /i = 0. 

Quan t i t a t ive v e r i f i c a t i o n of t h e s e o b s e r v a t i o n s can be e a s i l y ob ta ined 
in the z e r o t h - o r d e r a p p r o x i m a t i o n . Thus , by le t t ing d^/d/ i = 0. we find 

^ m a x = l^ol ' ^ " (x /2 |vo | ) (63) 

and 

^ o ( x , / i „ a x ) = 7 l + t a n ^ ( x / 2 | v o | ) ' ^^^^ 

F o r X = 0. / i m a x = ^ ^^d ^(O.O) = c / 2 . 

F o r X = b . a m a x i m u m e x i s t s only if 

I Vol t an (b /2 |vo | ) £ 1 . (64a) 

Using Eq. (9). th is condi t ion r e d u c e s to 

cb £ 2 

and c o r r e s p o n d s to c ~ 1.13. Thus , for c < 1.13, ^o(b,ju) i n c r e a s e s 
mono ton ica l ly , w h e r e a s for c .<^1.13 it has a m a x i m u m . F o r c > > 1. Eq . (64) 
b e c o m e s 

2 bTTc 
u. ~ — tan . 
'^max TTC 4 

and the m a x i m u m value a p p r o a c h e s c / 2 . 

VI. CONCLUSIONS 

We have shown that the o n e - d i m e n s i o n a l c r i t i c a l p r o b l e m can be 
t r e a t e d exac t ly by m e a n s of C a s e ' s n o r m a l m o d e e x p a n s i o n m e t h o d . The 
me thod which can be used to c o m p u t e t h e s e q u a n t i t i e s to any d e s i r a b l e 
a c c u r a c y , p r o v i d e s exac t e x p r e s s i o n s for the n e u t r o n d i s t r i b u t i o n and 
c r i t i c a l i t y condi t ion . 
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Fig. 4 

Angular Distribution 
at the Origin 

Fig. 5 

Angular Distribution 
at the Boundary 
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Moreover, the results a re adaptable to systematic approximations. In 
particular, it was shown that a zeroth-order approximation for the expan
sion coefficients leads to the resul ts of diffusion theory and that f i rs t-
order transport corrections are possible even by hand calculations. 

This method of treating t ransport problems appears to be quite 
powerful. Its applicability to more complicated problems remains a 
question for investigation. 
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A P P E N D I X A 

P r o o f s for the I d e n t i t i e s of X(z) 

1. F i r s t I den t i t y : 

X(z) = 
7(M)d/^ 

11- z 

w h e r e 

. c / iX (^) 
7 (M) = 7 — ^ 

X(/i) -
CTTl/i 

Proof . S ince X(z) i s a n a l y t i c over the whole p lane wi th a b r a n c h cut 
on the r e a l a x i s s e g m e n t (O.l) and b e h a v e s a s l / z a t infini ty, we can use 
C a u c h y ' s t h e o r e m to w r i t e 

x(.)^^ P % ^ (A . l ) 
2 7Ti 

w h e r e the con tour C c o n s i s t s of two p a r t s , a s shown 
in the a c c o m p a n y i n g f igure . If Cj is t aken a t infinity 
and Ci a r o u n d the cut . Eq. (A . l ) r e d u c e s to 

X(z) _L^ / ^ i i _ [x+(^) - X-(/i)] 
2TTi / 11 - z 

JQ 

- L f dMX-(/i) [(X+/X-) - 1] 
27n / /̂  - z 

Jo 

But f r o m Eq. (22) we have 

X " 
- 1 = G(/i) - 1 = 

CTli/i 

(A. 2) 

(A. 3) 

X(/i) -
C7Tl/i 

2 

I n s e r t i n g (A.3) into (A.2) g i v e s the f i r s t i den t i ty . 

2. Second Iden t i ty : 

X(z) X( -z ) 
I - c z t a n h z 

(vl - z') (1 - c) 
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Proof: This iden t i ty was p r o v e d by Case by us ing the p r o p e r t i e s of X(z) 
H e r e we show that it a l s o fol lows f rom the def in i t ion of X(z); 

^, \ 1 r(z) 
X(z) = ^ ^ ^ e 

(23) 

Consequen t ly . 

^, ^vl ^ 1 r(z) + r ( - z ) 
X(z) X(-z) = 7 7 7 ? e 

(A. 4) 

But f rom Eq. (23a). we can w r i t e 

r(z).r(-z)=-^ i^^^d/i 
' 2 7T1 / / i - z 

The i n t e g r a l in (A. 5) was eva lua t ed in Append ix A of Ref. ( l ) : 

r(z) + r ( - z ) = in 
1 - z 1 - c z t anh" z 
2 2 

Vo - z 
1 - c 

(A.5) 

(A. 6) 

Subs t i tu t ion of (A.6) in (A.4) c o m p l e t e s the proof. M o r e o v e r , a t z - 0 the 
ident i ty r e d u c e s to 

X^O) = - T 
vl{l - c) 

(A.7) 

f rom which we obta in Eq. (54). A l so , by taking the l i m i t a s Z - ^ V Q , we find 

X(Vo) X(-Vo) 
1 1 
2 v^( l - c) 

J_ X^(0) - 1 
2 1 - v^ 

1 - ^ n ( l - c) 
1 - vl 

(55) 

3. Th i rd Iden t i ty : 

X(z) = exp ? ( c , / i ) ( l + y ^ ) i n ( / i - z ) d / i 

w h e r e 

; (c. / i ) = 
1 
^2 2 2 
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P r o o f : In E q . ( 2 3 ) l e t 

G( / i ) = e " ' ' ^ ^ ) 

w h e r e 

e(/i) = 

and e(0) = 0, 

r(z) = 

a r g "x(/i) + -̂f̂ ' 

e ( l ) = TT. Then 

w n 1 

e(/i) d^ 
11 - z 

I n t e g r a t i o n b y p a r t s g i v e s 

• 1 

B u t 

r { z ) = & i ( l - z ) - — I -~ in (ll - z) dii 

Jo 

c/ i 

^ - — g(c . / i ) l 1 + 7 
dji 2 ^^ '̂  V 1 

( A . 8 ) 

( A . 9 ) 

(A. 10) 

C o m b i n i n g ( A . 9 ) . (A . lO) , a n d E q . ( 2 3 ) . w e o b t a i n t h e t h i r d i d e n t i t y . 

A s i m i l a r p r o c e d u r e c a n b e u s e d t o r e l a t e t h e r a t i o X ( - V o ) / X ( v o ) 

t o t h e M i l n e p r o b l e m e x t r a p o l a t i o n d i s t a n c e : 

Zo - Vo • g ( c , M ) ( l + r : ^ ) t a n h - ' ( ^ ) d ^ ^ 
.Vo 

(A. 11) 

F r o m e q u a t i o n s ( 2 3 ) a n d ( A . 8 ) . w e h a v e 

X( -Vo) _ 1 - Vo 

X(Vo) 1 + VQ 

1 - Vo 

1 + Vo 

e x p 

e x p 

2Vo 
TT 

f%<^M 
/ i ' - Vo 

(̂̂ )l̂ * -̂̂ "l̂ i'̂ ^ 

I n t e g r a t i n g b y p a r t s a n d u s i n g (A . lO) f o r d e ( / i ) / d / i g i v e s 

2 i i ^ = ^ ^ ^ e x p [ 2 t a n h - ' ( l / v o ) - (2 z < / v o ) ] 
X(vo) 1 + Vo Vo 

-2Zo/Vo 

(A. 12) 

(A. 13) 
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4. F o u r t h Iden t i ty : 

(̂-f̂ ) ^^Thj_^ (vl -^")X{l^'){y' - /x) • ^̂  > 0 • 

Proof : This i n t e g r a l equa t ion follows d i r e c t l y f rom the f i r s t two i d e n t i t i e s . 
F r o m the second ident i ty we find 

X - ( M ) _ _ 1 _ 1 _ _ 1 (A. 14) 
^ , , CTTill 1 - C VS - /i^ X(-ll) 

Subs t i tu t ion of (A. 14) into the f i r s t i den t i ty and changing /x to /i ' g i v e s the 
i n t e g r a l e q u a t i o n s . 
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A P P E N D I X B 

A p p r o x i m a t i o n s for the Coeff ic ients A' (v) 

1. C o n v e r g e n c e of the N e u m a n n S e r i e s : 

We f i r s t i n v e s t i g a t e the c o n v e r g e n c e of the s e r i e s (36). The d i s c u s 
s ion fol lows the m e t h o d given in T r i c o m i . ( 6 ) s ince the k e r n e l K(v,a) 
c l e a r l y s a t i s f i e s the r e q u i r e d p r o p e r t y of s q u a r e i n t e g r a b i l i t y . The 
p a r a m e t e r X is c h o s e n a s 

X = - ^ ( l - c ) . (B . l ) 

The g e n e r a l so lu t ion of Eq. (35) is 

CO 

A'(v) = A U V ) + ^ >."0n(v) 

n = i 

= A ' I ( V ) + x 2 X " ' ' I K „ ( v , a ) A ; ( a ) d a . (B.2) 

n=i Jo 

The c o n v e r g e n c e p r o p e r t i e s of (B.2) a r e e x a m i n e d by inves t iga t ing the 

H(v.a;X) = - ^ x " " ' K „ ( v , a ) . (B.3) 

n = i 

Define the n o r m of the k e r n e l by 

II K ' II 

'here N is 

F^v) 

= / 1 K̂  (v.a) dv da 

= r F ' ( V ) dv = j ' G^a) da =s N' , 

an upper bound and 

= 1 K ^ v . a ) d a ; G^(a) = j K M v , a ) d v 

By S c h w a r t z ' inequa l i ty , it fol lows tha t 

| K ^ ^ , ( v , a ) | ^ | F ( V ) | | G ( a ) | ^^ 

(B.4) 

(B.4a) 

(B.5) 
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I n s e r t i n g (B.5) into (B.3) we find 
CO 

|H(v.a;X) - K ( v . a ) | s U l | F ( V ) | | G ( a ) | ^ ^ I X N ] " " • ( B - ^ ) 

m=o 

The g e o m e t r i c s e r i e s in (B.6) c o n v e r g e s if 

| X N | < 1 . (B.7) 

It r e m a i n s now to e s t i m a t e the upper bound N. Using the b e h a v i o r 
of X(-v) n e a r V = 0 and v = 1 and of g(c ,v) f r o m Ref. 4, it r e a d i l y fol lows 
f rom (B.4) that 

(B.8) 
" ^ " " - 4 ( l - c ) ^ 

Subs t i tu t ion of ( B . l ) and (B.8) in (B.7) y i e ld s 

1 < i £ l , (B.9) 
c 

w h e r e t and c a r e r e l a t e d by the c r i t i c a l i t y condi t ion and Eq. (9). S ince in 
p r a c t i c a l a p p l i c a t i o n s c < 2. the c o n v e r g e n c e condi t ion of Eq. (B.9) is c l e a r l y 
sa t i s f i ed . 

2. E r r o r A n a l y s i s : 

An upper bound of the e r r o r i n t r o d u c e d by keep ing the f i r s t n t e r m s 
of the s e r i e s in (B.2) wi l l now be e s t i m a t e d . F i r s t we note tha t Ai(v) S 0 
and the k e r n e l K(v,a) is pos i t ive for c > 1. F r o m th i s it fol lows tha t 
0j^(v) £ 0. In v iew of the fact tha t X is a l s o n e g a t i v e , the s e r i e s in (B.2) is 
a l t e r n a t i n g and can be w r i t t e n a s 

x"*n(v) = Z. (-D^'^A^) . (B.IO) 
n=l n = i 

w h e r e a (v) is pos i t ive and a , , < a . By the w e l l - k n o w n t h e o r e m of 
n^ ' ^ n + i n ' 

c o n v e r g e n t a l t e r n a t i n g s e r i e s of th i s type , the e r r o r m a d e in s topping a t 
n t e r m s is l e s s in a b s o l u t e va lue than the f i r s t t e r m n e g l e c t e d . T h u s , if 
^ve denote the abso lu te va lue of the e r r o r by €-^{v), then 

en(^) < ^n + l^^) 

< U r ^ V n + ,(v)| . (B.ll) 
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Using the definition of 0n(v) and Eq. (B.5) we find 

I * +,(v)| =£ | F ( v ) | | N r " ' / ' |G(a)l|A;(a)| da . ( B . 1 2 ) 
n f i J Q 

A rough est imate of the upper bound of the factors on the right of (B.12) 
gives 

|0,+,(v)|== J ^ e - t E , ( t ) | x ' ( 0 ) | | A ; ( 0 ) | | N | " - A ( v ) , (B.13) 

where we have defined 

P (V) = 
(Ivol^ + v^) X(-v) g(c.v) (B.13a) 

1 + V 

and E2(t) is the exponential integral tabulated in Ref. 4. Finally, substitution 
of (B. 13) in (B. 1 l) and use of the explicit expressions for X(0), | XN|, and 
A'I(0) gives 

^ n ( v ) < ^ ^ o . ( i f ' | B 1 ^ : ; ; ; ^ P ( V ) . (B.14) 

where B is the constant given in Eq. (49a). In particular, the upper bound 
of the e r r o r in the first approximation is 

C o ( v ) < 2 a o . f ^ E , ( v ) p ( v ) (B-l^) 

and the expansion coefficients can be written as 

A'(v) = A;(V) + eo(v) . (B.16) 

Fur thermore the actual value of A'(v) lies between A^v) and A^v) +eo(v). 
In Table BI we give values for the lower and upper bounds of A'(v), viz, 

A'(v) = A1(V) 

A^(v) = A1(V) 

where we have used the normalization of Eq. (53). 

A'(v) = A 1 ( V ) + - ^ ^ E,(v)p(v) 
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Tab le BI 

BOUNDS FOR A' (v) 

o 
0.4 
0.8 
l.OO 

c = 

A ' (v) 

-0 .586 
-0 .143 
-0 .0303 

0.00 

2.00 

^'(v) 

-0 .430 
-0 .0922 
-0 .0108 

0.00 

c = 

A ' (v) 

-0 .160 
-0 .0814 
-0 .0368 

0.00 

1.10 

A ' (v) 

-0 .158 
-0 .0806 
- 0 . 3 6 5 

0.00 

The exponen t i a l n a t u r e of Eq. (B.14) i n d i c a t e s tha t t h e s e bounds wi l l 
be r e d u c e d c o n s i d e r a b l y in the next h ighe r a p p r o x i m a t i o n s . A l s o , s i n c e the 
con t r i bu t ion of t e r m s involving A ' (v) on the o b s e r v a b l e s p(x) and ^(x,/i) was 
shown to be s m a l l for 1 £ c < 2. s m a l l e r r o r s in the coef f i c ien t s can be 
neg l ec t ed in the c o m p u t a t i o n s of t h e s e q u a n t i t i e s . 

Ano the r r e s u l t of i n t e r e s t fol lows f rom the above d i s c u s s i o n . By 
taking the l i m i t of Eq. (B. 16) a s c ^ - 1 and r e c a l l i n g tha t m th i s l i m i t bo th 
t and I Vol b e c o m e infini te , we find 

L i m A' (v) = 0 (B.17) 
c - * l 

f rom which we conc lude that A(v) = 0 a t c = 1. 

3. Ano the r A p p r o x i m a t i o n Techn ique : 

A me thod which g ives h i g h e r - o r d e r e s t i m a t e s to the F r e d h o l m 
Equa t ion 

A'(v) = A1(V) + X I K(v,a) A ' ( a ) d a (35) 

c o n s i s t s of a p p r o x i m a t i n g the i n t e g r a l t e r m by a T a y l o r e x p a n s i o n of A ' (a ) 
about a = V: 

. ^ , N dA'(v) 
A ' a) = A'(v) + a - v ) ^ ^ + 

' dv 

(B.18) 

Since the z e r o t h and f i r s t a p p r o x i m a t i o n s to ^(x. / i ) c o r r e s p o n d to A ' (v ) = 0 
and A'(v) = Ai(v) . r e s p e c t i v e l y , they r e m a i n u n a l t e r e d . F o r the nex t 
a p p r o x i m a t i o n we keep the f i r s t t e r m of (B.18) . Th i s g ive s 

A'(v) = A ; ( V ) + XA'(v) / K(v.a) da 
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A . ( v ) = ^ (B.19) 
1 - X / K(v.a) d a 

JO 

Keeping the f i r s t two t e r m s of (B.18) r e s u l t s in a f i r s t - o r d e r d i f f e r en t i a l 

equa t ion for A ' (v ) : 

^ ^ ^ + P (v)A ' (v) = Q(v) , (B.20) 

/ K(v.a) 
•Jo 

dv 

w h e r e 

X I K(v.a) da - 1 

P(v) 
X / (v -a ) K(v.a) da 

Jo 

and 

X 
0 

which a r e known funct ions of V. Since 

A ^ l ) = 0 and K ( l . a ) = 0 

it fol lows t h a t 

A ' ( l ) = 0 

The so lu t ion of (B.20) sub j ec t to ( B . 2 l ) i s 

A ' (v ) = / Q ( v ' ) e x p ( - / , P ( s ) d s IdV 

(B.20a) 

Q ( v ) . - , . ^ ' ^ " ^ . (B.20b) 
/ ( v - a) K(v,a) da 

•J 0 

( B . 2 1 ) 

( B . 2 2 ) 
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